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I. Introduction

This paper deals with the behavior of a relatively simple
system which interacts weakly with a more complicated
system acting as a temperature bath. A typical example
is a nuclear spin system contained within, and interacting
with, a solid or liquid. The conventional theory of transition
probabilities! is applicable to such a system, but yields only
information about the rate of change of the probability
amplitude of a state of the system, assuming that the
phases of the states of the system are unknown or random.

For a complete quantum mechanical description of a
system one must use the density matrix formalism.? The
conventional theory of transition probabilities assumes
that the off-diagonal elements of the density matrix are
zero, and gives only the rate of change of the diagonal
elements. For a complete description of the motion of the
system one must also consider the rate of change of the
off-diagonal elements of the density matrix, and abandon
the assumption (equivalent to the random phase assump-
tion) that these elements are zero.

Spin systems are unusual in that they can readily be
prepared in such a way that they must be described by a
density matrix with significant off-diagonal elements; for
this reason a theory of this type is useful in dealing with
such systems. Wangsness and Bloch® have developed the
theory for single spins and Bloch* has extended this theory
to fairly general systems. The Wangsness-Bloch theory is
mathematically similar to the conventional theory of transi-
tion probabilities, but assumes that only the temperature
bath, rather than the whole system, is characterized by

*#T'his work was started while the author was ar Harvard University, and was
then partially supported by Joint Services Contract N5ori-76, Project Order L.

Abstract: A general procedure is given for finding the
equation of motion of the density matrix of a system in con-
tact with a thermal bath, as for example a nuclear spin
system weakly coupled to a crystal lattice. The thermal
bath is treated both classically and quantum mechanically,
and the theory is similar to, and a generalization of, con-
ventional theories of time proportional transition prob-
abilities. Relaxation of the system by the thermal bath is
expressed by a linear matrix operator, and it is stressed that
elements of this operator can be regarded as secular or non-
secular perturbations on the equation of motion and can
be treated accordingly. When the motion of the system is
slow compared to that of the thermal bath, the equation of
motion can be expressed in an operator form which is inde-
pendent of representation. If the system has a time-dependent
Hamiltonian which varies slowly compared to the motion of
the thermal bath, the same equation of motion is obeyed and
the system is relaxed by the bath toward a Boltzmann
distribution with respect to its instantanecous Hamiltonian.
If the time variation of the Hamiltonian is more rapid,
higher order corrections to the equation of motion must be
applied. The theory is applied to spin-lattice relaxation of a
coupled nuclear spin system in a metal, for arbitrary ex-
ternally applied fixed magnetic field.

random phases of its quantum states (diagonal density
matrix). Fano® has shown how to obtain the Wangsness-
Bloch theory in an elegant and general form.

The Wangsness-Bloch theory has several limitations.
It is expressed in a representation in which the energies of
both the system and thermal bath are diagonal. If the
thermal bath is a complicated thing, like a liquid, it will be
impossible to solve its Hamiltonian, and therefore impos-
sible to evaluate the relaxation constants which come out
of the Wangsness-Bloch theory. The effect of the thermal
bath can nevertheless be estimated in many cases from the
classical mean-square size of its interaction with the system
and the rate of the statistical fluctuations of this inter-
action {(correlation time). This point of view was developed
by Bloembergen, Purcell, and Pound® for the case of
nuclear spins in a liquid, relaxed by the fluctuating mag-
netic fields of other magnetic moments on nearby molecules
in the liquid. The same method can be applied to other
problems in magnetic resonance.” 8- ® In Section 11 of this
paper we give a general formulation of such a theory and
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obtain the density matrix equation of motion of a system
relaxed by a randomly fluctuating perturbation. This for-
malism differs from the previous theories of this type only
in that we explicitly consider the off-diagonal elements of
the density matrix, whereas previous theories dealt with
the rate of change of the diagonal elements (which are
identical with the probability amplitudes)® 7 or were some-
what less explicit, general and exact in their treatment of
the off-diagonal density matrix elements.? °

Since the Wangsness-Bloch theory is expressed in a repre-
sentation diagonal with respect to the Hamiltonian of the
system being relaxed, it is also necessary to solve this
Hamiltonian before applying the theory. In many cases
of interest this is impossible, even though it is possible to
make a reasonable assumption about the state of the
system (i.e. that it is in a canonical distribution with
respect to its Hamiltonian or to some other observable).
This difficulty cannot in general be avoided, but it turns
out that if the motion of the thermal bath is rapid com-
pared to that of the system it relaxes, the equation of
motion can be recast in operator form. Such a form is
useful because the physical quantities of interest in deter-
mining the state of the system are usually traces (diagonal
sums) of operators, which can be evaluated in any con-
venient representation. To get the operator form of the
density matrix equation of motion it must be noted that
an energy selection rule occurring in the earlier work of
Wangsness and Bloch is superfluous (see Sections II, I1I).

Another limitation of the Wangsness-Bloch theory is
that it is applicable only when the Hamiltonian of the
system is time-independent, or contains only a small time-
dependent part. This limitation can be removed if the
Hamiltonian varies sufficiently slowly compared to the
thermal bath. If the time-variation of the Hamiltonian is
not sufficiently slow, corrections must be applied to the
equation of motion. In Section IV we outline a method of
obtaining these corrections.

The present theory, like the usual time-proportional
transition probability theory and the Wangsness-Bloch
theory, is a weak interaction or weak collision theory. If
relaxation takes place through strong collisions, each of
which changes the state of the system by a large amount,
the present theory would not apply, since it would diverge
when carried to higher orders of approximation.

While this paper was in preparation, the writer learned
that F. Bloch had independently obtained some of the
results of Sections Il and IV by a somewhat different
method.”? In Appendix A we discuss the similarities and
differences between Bloch’s work and our own.

Il. Random perturbation

We first treat the relaxation of a system by a random semi-
classical perturbation. Besides being useful for getting
qualitative results when the temperature bath is compli-
cated, this section also provides a relatively simple intro-
duction to some of the ideas in Section 1I1. The present
section is a generalization of the paper of Solomon* on two-
spin systems in liquids.
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We consider an ensemble of systems each with Hamil-
tonian

FH=hnE+HKEG(D) Q.1

E is time-independent and has eigenfunctions ., ¥g, ¥+,
etc., with eigenvalues «, 3, v, etc., respectively. In general
the wave function of each member of the ensemble can be
written

\I/':Euca‘l’a:Eaaae-iat\ba- (22)
We define the density matrices

Tao’ E<Ca’4("a>; (2.3)
O'aa’*E<aa'Taa>=0—aa’ei(aha’)t~ (24)

Here () denotes an average over the ensemble, and the
dagger denotes complex conjugate. o is the usual?® density
matrix in the Schroedinger representation, and ¢* is the
density matrix in the Heisenberg representation with re-
spect to E (interaction representation). We use ¢ rather
than p to emphasize that ¢ is the density matrix of only
part of the system, and does not provide any information
about the temperature bath.

G(r) is a Hermitian perturbation which is random in
time! and is responsible for the relaxation. G(¢) is assumed
to be different for each member of the ensemble. For the
purpose of this paper it will be sufficient to know the cor-
relation matrix of G-

Poparg(1)=(Gap(t) Guptt—7)). 2.5

We assume P and (G) are independent of time 7, which is
equivalent to assuming that the external system or bath
which gives rise to G(7) is stationary in the statistical sense.
For simplicity we assume (G¥=0; if this is not so, we can
redefine E to include (G). It is assumed that P(c)=0 and
P(7)= P(—7), and the correlation time 7. is defined by the
condition that P(r)<<P(0) if 7>>7.. Later we will see that
7c must be small compared to the relaxation time due to
the perturbation G(7).

The state of a member of the ensemble at a time ¢ is
given by a set of complex numbers a.(f); at a later time
t+At the a,(t+Ar can be expanded in the usual time-
dependent perturbation theory expansion:

a (t+AD)=2.a,"(t+A1), (2.6)
where aNt+AD=aut);

A

a "t 4-AN= —ing ag™(t)Gqs(t)ei=Pvdy. (2.7)

'
The density matrix is given to second order by
Oaar*(+AN =000 * (1)
+ (@ W (t+ANa () Fau (Da. O (1+A1)
Fa, Ol r+ADa AN+ as (Da P (AL
Fa. @M t+ADa(r) ). (2.8)




The integration interval Az in (2.7) must be much greater
than 7. but much less than the time in which the a, and o*
change appreciably. This requirement permits us to make
the expansions (2.6) and (2.8) but prevents us from apply-
ing the theory to strong-collision phenomena (since 7 is
the length of a single collision and Ar>>7¢).

The first first-order term in (2.8) is

(@ Oi(t+ADa () )=

+At

iZg f (agh(DaGar i) ) e B0dr’.  (2.9)

H

The a.(r) are not necessarily statistically independent of
G(1), but may depend in fact on the value of G for all time
less than t. G(¢'), however, is statistically independent of
G(1), and thus of the a.(7), for ¢’ —>>7¢, by the definition
of 7.

Thus

(asi(Nau(NGarsi(t') ) o ap* (Garpl(t’) ) =0, (2.10)

provided ¢'—¢>>7c. Since the latter condition holds over
most of the interval of integration, (2.9) is zero to a good
approximation and can be neglected. The other first order
term is similarly negligible.

This argument is hardly rigorous or quantitative, since
it is possible that these terms are not negligible compared
to the second order terms discussed below. Clearly (2.10)
is correct to first order in G and (2.9) is independent of
At (for Ar3>7¢) and is also non-zero only in second order
in G. It is probable, therefore, that we are correct in ig-
noring these terms. The quantum-mechanical assumption
of random phase for the bath, introduced in the next sec-
tion, is probably related to the assumption used here, that
these first order terms can be neglected.

We now consider the second order terms in (2.8). Again
using the fact that the a,(7) are statistically independent of
G(r) over most of the range of integration, it is straight-
forward to show that these terms are linear in o, and are
given by

T oo ¥ O+ AN = At Zggret @m0 5554 (1)
(2.11)

X[Uaargpr+Upgara—8ar9Z7Uyyga—08as ZyUgaryy],

where
Ay

Uswisp =@y [ e10=07P 0
Q0

X {(eitom a8 @ ) fi(a—B—a/+-8) | dr. (2.12)

In (2.12) it is assumed that the frequency difference
a—fB—a’+3 is not zero; if it is zero the indeterminate ex-
pression in the curly brackets is replaced by Ar—7. To get
(2.11) we introduced the variable of integration r=¢—¢"
and used the assumptions that G(r) is Hermitian and P(r)
is an even function of 7. The procedure is similar to that
used by Abragam and Pound’ to evaluate transition prob-

abilities for a similar system; therefore we give only an
outline of the calculation in Appendix B below.

We now consider the evaluation of (2.12). We first dis-
cuss those Uy s for which

(a—B—ao'+p)7.1. (2.13)

For such terms we can ignore the r occurring in the ex-
pression inside the curly brackets in (2.12), because the
integrand is large only for r < .. For the same reason, and
because Ar>>7., we can extend the range of integration to
infinity. Thus we get

ljaa’ﬂﬁ'g{ (ei(a—-ﬁ—erﬂr)Az_ 1)/i(a—6—a’+ﬂ’)At}

Xf ei(-ﬂ"al)fpagargl(T)dT. (214)

0

As before, if a—f—a’+8" is zero the indeterminate ex-
pression in curly brackets in (2.14) is replaced by unity,
The most important terms of this type are those of the
form Ugaps and Uggag.

The terms of (2.12) for which (2.13) does not hold are
small compared to those for which (2.13) does hold.
For such terms (o« —8 —a’+8")Ar>>1 because Ar>7,.. There-
fore the expression in the brace in (2.11) is of order
H(a—B—a’+B)At in magnitude, and these terms are less
than 7,/At times those satisfying (2.13). These terms can
therefore be neglected.

We now assert that within the same approximation (that
is, of order 7./Ar) our expression for the density matrix
at time r+Ar agrees with that predicted by the following
equation of motion for ¢*:

Ao qor*/dt =Z g o~ —BEBOR | 15pr G, (2.15)
where

Roapp=Jagarp (0 —B)+Japar g (@—B)

—Ba’ﬂ’ 27-]7/3701(7_[3)_5&6 Eyt]'ya’vﬁ’('y_ﬁ,)’ (216)
and
Jaa',egf(w) =*lf dTBi“’TPaa'ﬁg'(T). .17

—w®

The solution of (2.15) to first order in R is

Uaa’*(’+At) :‘me'*(’>

pila—al—B+8NAI__ |

+26ﬂ’{ i(a—a—B+B) | Roarps oppr™. (2.18)

Again, the expression in the curly brackets is replaced by
At, if a—a’—B+p’ is zero.

Equation (2.18) agrees with the previously obtained
expression for o*(r+At), accurate to second order in G,
except for those terms in the sum over 3 and 8’ for which
(2.13) does not hold. By the same argument used previously
in connection with such terms, they are less than r./Af
times the other terms in (2.18), and therefore negligible.
Thus the solution of (2.15) agrees approximately with the
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correct density matrix, and (2.15) can be regarded as the
approximate equation of motion of ¢*. The equation of
motion in the Schroedinger representation then follows
from (2.15) and (2.4):

damf/dt=i(a’—a)cr,mr—‘{-zg/yRm/Bg/ [T 2.19)

The imaginary term in (2.19) describes the unperturbed
motion of the system as determined by its Hamiltonian E.
The matrix R describes the relaxation of the system by
the statistical perturbation G(7). It will be called the relaxa-
tion matrix. The element Rqqpg is simply the transition
probability from state 8 to state «. It is easy to verify that
o remains Hermitian with unit trace as a result of the
equation of motion (2.19).

Since the density matrix of the system must not change
by much during the time Ar we must have

1/Rua s3> ALST.. (2.20)

(2.20) gives the condition of validity of the present theory.

We previously ignored terms of order 7./At. Because of
(2.20) we can make this quantity approach Rr., which is
apparently the lower limit of the error in the equation of
motion (2.19).

It is important to remember that those terms of the
relaxation matrix R, ge for which a«—a’—gB+4’ is not
zero are in general ineffective in the relaxation process.
This can be seen from the first order solution (2.18) of
the density matrix equation of motion. If one regards the
relaxation term of (2.19) as a small perturbation on the
equation of motion, one is reminded of a similar situation
in the perturbation theory of the Schroedinger equation.
In that case, a perturbation (or matrix element of a per-
turbation) does not on the average affect the wave function
unless it connects eigenstates of the Hamiltonian having
the same energy (more precisely, the eigenstates must have
energies differing by not more than the order of magnitude
of the perturbation itself). Such a perturbation or matrix
element is called secular. In the present case, elements of
the relaxation matrix for which a—a’#3—3" are equiv-
alent in their general effectiveness to non-secular perturba-
tions or matrix elements in perturbation theory. They con-
nect elements of ¢ having different unperturbed time de-
pendences, namely (=)t gnd !5~ 8¢, Since a relaxation
matrix element connecting these terms is time-independent,
its effect tends to average out over a period of time
1/|[(@—a’)—(B—0")|. This will be true, however, only if the
density matrix is unperturbed by relaxation during this
time; i.e. only if

Rooppr<la—a' —B+6']. (2.21)

Therefore, terms of the relaxation matrix for which (2.19)
holds are nonsecular perturbations on the equation of
motion of ¢, and can be ignored. On the other hand, these
terms can be included if it is convenient to do so, because
by the same argument their presence will not be felt in the
behavior of the system. This fact will be useful later when
we treat the case of short correlation time of the thermal
bath.

In their earlier work, Wangsness and Bloch* ¢ con-
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sidered only the secular elements of the relaxation matrix,
for which a«—a’—8’+8=0. Bloch’s most recent paper,'
however, considers both the secular and nonsecular ele-
ments of R.

In almost every problem of interest, relaxation takes
place through the action of only a relatively few time-
dependent perturbations. A nuclear spin in a liquid, for
example, can be regarded as relaxed by a fluctuating mag-
netic field having only three independent (x, y, and z)
components.t In such a case we can write the interaction
G(1) as

Gaa’(t) :Equ(t)Kaa’q- (222)

For a nuclear spin in a liquid, the H? are the three com-
ponents of fluctuating magnetic field, and the K? are the
x, ¥, and z components of the magnetic moment operator.
In general, the H¢ are real, randomly varying functions of
time having correlation functions (H%#)H*(t—7) ) and gen-
eralized spectral densities defined by

ko (w) =%f dr { H(HHY(t—1) ) ei". (2.23)

The K¢ must be Hermitian.

The representation of G in (2.22) may appear to be a
needless complication, but actually it is frequently a sim-
plification because there are usually fewer H4(f) than
G..(?), and frequently the HY are statistically independent
Gf k,(w)=0, H? and H? are statistically independent).
Sometimes it is more convenient to write the summation
(2.22) in such a way that the HY are complex, rather than
real. In order that G be Hermitian, it is then necessary
that the terms of the sum (2.22) occur in mutually adjoint
pairs. Such a convention is used by Bloembergen'? in his
application of the present theory to the relaxation of a
two-spin 4 system in a molecule executing hindered rota-
tion.

The relaxation matrix is still given by (2.16), with

Jaarppr (@) =2y Koo' Kgr " ki (@) (2.24)

It is a consequence of (2.19) that ¢ approaches a state
corresponding to equal probability for all states (¢ diag-
onal, with all elements equal).!* This follows because the
transition probabilities R,.ss between states « and 3 are
equal for transitions in either direction:

RaaBﬂ:Rﬁﬁaa- (225)

Actually, we know that ¢ will approach its true thermal
equilibrium value

oD =Cexp(—hEkT), (2.26)

where C is a normalization constant such that 2,0, =1,
and T is the temperature of the thermal bath giving rise
to G(r). This fact was lost in this theory apparently because
G(r) was regarded as predetermined independent of the
a.(1).

In Section III we will show, using a different model,
that if ¢ =0(T) the density matrix will remain unchanged;
i.e. the system is in thermal equilibrium with the bath.™




This result is obtained quantum mechanically, but it pre-
sumably does not depend on quantum mechanics. The
same result should follow from a sufficiently detailed
classical calculation, taking the state of the thermal bath
as well as that of the system into account.

Since the theory of this section leads to the prediction
of an approach to equal populations of all states (infinite
temperature of the system), the fact of approach to the
correct thermal equilibrium state must be introduced here
as an ad hoc assumption. The simplest way to do this is
to replace ¢ by ¢ —o‘T in the equation of motion (2.19).
In Section 11T we show that this is correct only in the high
temperature limit and that in general one must replace
k(@) in (2.24) by

Jaw (@) = kg (w)ehe 22T, 2.27)

Short Correlation Time
If we have the condition
la—B .1, (2.28)

satisfied for all non-zero elements of G,s(r), then all the
spectral densities occurring in (2.19), and defined by (2.17)
or (2.23), are equal to their zero frequency values:

qu'(w)gqu’(o) =jqq’(0) if wr.«1. (2.29)

Equation (2.29) follows from (2.23) because the integrand
in (2.23) is small for 7> 7., and exp iwr,2=1.

Using (2.24) and (2.29) in (2.16) and (2.19), and re-
placing ¢ by ¢ —oT’ as mentioned previously and justified
in Section III, we have, finally, an operator equation of
motion for the density matrix:

dojdt = —ilE,0]—Z,,[K*[KY, 0 —aT]1k,,(0). (2.30)

The virtue of (2.30) is that it is independent of the repre-
sentation used. As a result, in many cases it is unnecessary
to solve the unperturbed Hamiltonian E because the ob-
servable quantities required are diagonal sums of operators
which are independent of representation. To get (2.30) we
included all the nonsecular terms of the relaxation matrix,
but as discussed previously these have no average effect
on the behavior of o,
For many purposes it is useful to use the fact that

kg (0) = (0)22 ( (H9)? ) 7o, (2.31)

where 7, is the correlation time of H% alone. This point of
view has been developed by Pines and Slichter.?

Finally we may remark that it is easy to show that if E
is time-dependent (and is still identical for every member
of the ensemble), the relaxation will be unaffected, and
(2.19) and (2.30) will still hold, provided the change in E
in time Az is small compared to E. This can be shown by
working in a representation in which E(7), the instantane-
ous Hamiltonian, is diagonal.

The requirement that E vary only slightly in time As
means that either the total time varying part of £ be small
compared to E (as is usually the case in magnetic reso-
nance, in which the rf field is much smaller than the dc
magnetic field), or that (since Ar>>7.)

dE
de}'<<E. (2.32)
Equation (2.32) relates the magnitudes of the operators
E and dE/dr. The magnitude of E does not mean here the
total energy (which is arbitrary), but rather the order of
magnitude of the difference between diagonal elements of
E corresponding to states connected by elements of G and
dE/dt. Similarly, the magnitude of dE/dt is the order of
magnitude of the difference between such diagonal ele-
ments of dE/dt, or the order of magnitude of the off-
diagonal elements of dE/dr, whichever is larger.

In Section 1V we consider the problem of a time-de-
pendent Hamiltonian from a different point of view.

1li. Dynamical interaction with a thermal
bath

We now consider the behavior of a system with the Ham-
iltonian E, loosely coupled by a time-independent pertur-
bation G to a temperature bath or crystal lattice with
Hamiltonian F (henceforth we will use the words system
and bath in this sense only). This treatment is the same as
that in Bloch’s paper? except for the discussions of pseudo-
stationary perturbations on the system, non-secular relaxa-
tion terms, and the case of short correlation time. The
results are similar to those of Section II. For these reasons
we will merely outline the calculation and give its results.
The reader is referred to Appendix C and to the papers of
Wangsness and Bloch?® 4 for details of the method.
The total Hamiltonian is:

X =hHE+HhF+hG. 3.D
By definition,
LE,F]=0. (32

We assume for the time being that E is time-independent.
We work in a representation in which Eand Fare diagonal;
the eigenfunctions of F are denoted by their eigenvalues
/ and a degeneracy parameter u. The eigenvalues of E are
denoted by «, 3, and «, and we can ignore possible degen-
eracy in these eigenvalues. The state of the system plus
thermal bath is now described by the density matrix
Pajua’ f'u’-

In analogy to (2.22), it is convenient to write the per-
turbation G' as a sum of products of two operators in-
volving the system alone or the bath alone:

Gafu(x'f’u’=E(1Kaa'qH,/'uf’u’q~ . (33)

The properties of the bath are characterized by quantum
analogues of the spectral densities'® j,,(w) introduced in
Section I. The calculation outlined below shows that
these are given quantum mechanically by

ju‘z'(w):ﬂ'f df[zuu’P(f)

XH(f—w)u/u’(eru’('f—w)uq/nu(f_w)ﬂu'<fﬂ' (34)

Here 5.(f) is the density of states of F, with degeneracy
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parameter u, per unit range of the eigenvalue f, and P(f) is
given by

P(f)=exp(—iflkT)|Z ;rexp(—hf'[KT) (3.5

We define the characteristic frequency w* of the bath,
equivalent' to 1/7, of Section 11, by the requirement that,
for all ¢, q¢’, w, and ’,

Jor (@) jr (@) Iif |o—w|<w*. (3.6)

Note that Aw*<kT, which follows from (3.5) and (3.6)
and the fact that P(f) is large only for f within kT of the
lowest eigenvalue of F.

We wish to find the equation of motion of the system,
described by the reduced matrix (“distribution matrix’™*)

oaa’zz./‘u Pafua’ fu- 3.7

The ensemble-average value of any system-observable rep-
resented by the operator O is 2, Qa0 a.

The equation of motion of ¢ is obtained by solving
Schroedinger’s equation to second order in G, for a time
t+Ar, assuming that at time ¢ the total density matrix p
is approximated with sufficient accuracy by a density
matrix of the following form:

Pafua® j'u’ = Uaa'(t) P(f)aff’auu’- (3-8)

This density matrix implies that the thermal bath is actually
in a state corresponding to thermal equilibrium, and the
state of the system is completely described by oo (1.

Starting with (3.8) at time ¢, Schroedinger’s equation
predicts that p assumes a mixed character for time greater
than 7 [that is, it cannot be separated into a product of a
system density matrix ¢ and a thermal bath density matrix,
as in (3.8)]. However, the behavior of the reduced matrix
o, defined by (3.7), can be described by a first order differ-
ential equation, within a certain order of approximation
discussed below. It is then assumed that this equation of
motion for ¢ holds for all time, regardless of the past
history of the system, provided the bath remains at thermal
equilibrium. In other words, at the end of the interval
t+Ar it is again assumed that the total density matrix p
can be adequately approximated by (3.8) [with o(¢) replaced
by a(t+An)]). This is equivalent to re-randomizing the state
of the thermal bath at time 7+ A and is a frequently used
procedure in the theory of irreversible processes. It leads
to seemingly irreversible behavior of the system even
though Schroedinger’s equation is time-reversible.

This calculation differs from Wangsness and Bloch’s only
in that At (corresponding to their f) is restricted only by
the condition Ar3>7,=w*~'. Wangsness and Bloch make
an additional requirement corresponding to Af>|a—a'| 7,
where a and «’ are any two states of the system connected
by G.

In this way, we get an equation of motion of the fol-
lowing form:

dojdt=[o(t+A1) —o(O)/At=i[c,E+M-+N]+Ro. 3.9
We now discuss this equation term by term; details of its

calculation are outlined in Appendix C.
The operator M is given by
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M=2,K*2;,H ;' P(f). (3.10)

M represents the effect of the first order stationary pertur-
bation on the system. In nuclear spin systems it gives
rise to chemical shifts. As with any perturbation, off-
diagonal elements M, can be ignored only if they connect
states of different energy: i.e. if

My <]a—a'|. 3.11)

The operator N represents the effect of the second order
stationary perturbation by G and is given by

v '’
Noar=Z,; 1Koy Kya?

©

Xf dw j(—w)/TGatdad —y—w) (3.12)

If e —7! <w* for any two states « and v connected by G,
or if j,,/(w) 0 only for |w[>>|a~—v], N can be approximated
by

Ne=—3, KK f dewjyyr (@) /1. (3.13)

(3.13) is the form of second order perturbation one gets by
regarding the K7 as fixed parameters rather than operators
in (3.3), and calculating the average second order pertur-
bation of (3.3) on the lattice or bath. The present analysis
shows that, as one might expect, this is justified only if the
motion of the system is much less rapid than that of the
bath with which it interacts. The appearance of the spectral
density in N is interesting and probably significant.

An example of the type of perturbation represented by
N is indirect nuclear spin coupling via the electronic spins
in a molecule or solid.!”- 18

The term Re in (3.9) describes the relaxation of the
system by the bath

(RO) qar =Z g Ruarppr 054 (3.14)
In this case the relaxation matrix R is given by

Reorppr =Zuq | KagKgr ar?'[fog (0 —B) Fag (' —B")]
—8ap Z Ky Kya Vs (B —y) e =V /RT

—6a',3r 27[(“7‘1 75‘1'jQQl(B—’Y)eﬁ(H*~,)/kT} . (3.15)

Actually, only those terms R,.gsr for which
a—a’—B+B"=0 are given by (3.15), and their evaluation
is identical to that of time-proportional transition
probabilities.! Evaluation of those terms for which
a—a’ —fB+8 #0is somewhat more complicated; integrals
must be evaluated which contain logarithmic singularities,
but these can be dealt with simply by taking Cauchy princi-
pal values. The resulting terms of R are multiplied by a
factor like the brace in (2.14). If ja —a’ —B-+3’|A£>1, these
terms are small, but can be regarded as resulting from
non-secular perturbations on the equation of motion, as
discussed in more detail in Section 11. These non-secular
terms, as given by (3.15), can be included in the equation
of motion if it is convenient to do so.




To evaluate the terms of the relaxation matrix (3.15) it
is assumed that the spectral density j,,{(w) is a constant
over a range of w equal to 1/At. This is necessary because
the integrals involved have integrands with kernels of
width Ar~, The error introduced in this way is of the order
of (w*Af)~! times R or N. In this case (2.20) is required for
the same reason as in Section I, so that the minimum
error in (3.15) is of the order of R/w*, and (3.9) can be
regarded as accurate to within this order of magnitude.

It is easily verified that, as is expected,

Y8R 35 €Xpl— HB/kT]=0. (3.16)

This means that if the system is in a state corresponding
to thermal equilibrium, it will remain in that state.!

We now examine the range of validity of (3.9). The
required condition analogous to (2.20) is

M, N, R<w*<kT/h. 3.17)

In (3.17) the symbols M, N, R refer to the size of the off-
diagonal elements of these matrices, and (for M, N) the
differences between the diagonal elements of states con-
nected by the matrices M, N, and R. If R~w*, the be-
havior of the system becomes difficult to predict; Kubo
and Tomita'® have treated this situation for the case of a
nuclear or electronic spin system.
We also have a requirement that

M, N«E. (3.18)

(3.18) assures us that the Boltzmann factors occurring in
(3.15) are approximately correct. If (3.18) is violated, it
would be reasonable to replace the Boltzmann factors in
(3.15) by those with respect to the Hamiltonian E+M-+N,
but it has not been shown explicitly that this is correct.

There does not seem to be any requirement similar to
(3.17) and (3.18) on E versus R, provided all elements of
R, except perhaps those obeying (2.21), are included in the
equation of motion.

We have assumed so far in this section that E is time-
independent. If E varies slowly with time, the remarks at
the end of Section Il apply here also. Relaxation tends to
make the density matrix approach the thermal equilibrium
density matrix corresponding to the instantaneous Ham-
iltonian.

High Temperature and Short Correlation Time
We now suppose that the condition
|la—o/|<<kT/H, (3.19)

is satisfied for all & and o’ connected by G and dE/dt. We
also assume that

d—aDeg(D, (3.20)

(3.20) will almost always be a consequence of (3.19), unless
the system is prepared in some unusual way, and ¢ —o‘D
will ordinarily be of the order of Ala—a|/kT.

Since Ro(T’ =0 we can replace Ro by R(c—a™) in (3.9).
Having done this, we can replace the j,(w) by k,(w),
defined in this case by (2.25) and (3.4). By so doing we
introduce an error which is second order in #la—a’|/kT,

and thus negligible. This yields an equation equivalent to
(2.19) with ¢ replaced by o —a¢7?, as mentioned in Section
11.

If we make the further assumption of short correlation
time,

la— o | <w* <kT/H, (3.21)

we can replace the k,,(w) by k,,-(0), and we immediately
get the expected result (2.30) ,with Ereplaced by E4+M-+N.

If it happens that instead of (3.21) we have |a —a/|~w*,
kT/h it may be possible to expand the Boltzmann factors
and spectral densities in (3.15) in a power series in w. This
will be possible if the j,,-(w) are analytic for w less than or
equal to all the frequency differences occurring in (3.15).
Each term in the power series can then be written in
operator form, so that the equation of motion can again
be written in operator form provided the series converges.
This method is used in the next section.

IV. Time-Dependent Hamiltonian

The previous sections dealt with the problem of relaxation
of a system whose Hamiltonian is stationary or nearly
stationary in time. In this section we consider the same
problem with a time-dependent Hamiltonian by including
explicitly and quantum mechanically in our Hamiltonian
the device (oscillator, power supply, and/or experimenter)
which gives rise to the time dependence of the Hamiltonian.
This procedure is somewhat more satisfying than assuming
an a-priori time-dependent Hamiltonian, and it also en-
ables us to get higher order corrections in dE/dt to the
equation of motion.

We will use the phrase external device to denote the
source of the time dependence of the Hamiltonian. The
external device is assumed to have a Hamiltonian #D with
eigenvalues 7id. Without loss of generality we ignore pos-
sible degeneracy of the eigenvalues of D. The total Hamil-
tonian E in (3.9) is now replaced by

E' =Fy+8&+4D. 4.1

E, is the time-independent part of the Hamiltonian of the
system. D commutes with £, and the K¢ and & is a
coupling operator which does not commute with E,, D, or
the K*. We work in a representation in which D and E,
are diagonal. For simplicity we assume that

(81) adara’ = Xaa Yaar. 4.2)

Here « and a” are the eigenvalues of E;. X is a system-
observable and Y is an external device-observable. In gen-
eral, & will actually be a sum of terms of the form (4.2),
and it is easy to extend the theory in that case.

We use the density matrix A to describe the system plus
external device. The system is described by the reduced
matrix

Uaa’=2d)\ada’d- (43)
The external device is described by the reduced matrix
M(Id’zza)\adad’~ (4'4)

The external device is so large that it is essentially un-
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affected by its interaction with the system; that is, £y+&:
is a small perturbation on D. Furthermore, the external
device and system are regarded as more or less uncorre-
lated with each other. At any time the state of either can
be approximately specified without specifying the state of
the other (although the state of the system will in general
depend on the past states of the external device). This can
be stated in density matrix language by assuming that X is
separable into a system density matrix and an external
device density matrix:

Nada/d' =20 gor Y- 4.5)

The average expectation value of the external device
operator Y is

(Y)y=Zqa Yaar para- (4.6)

It is assumed that the expectation value of Y is the same
for every member of the ensemble. This means that

(YH=(Y)" @7

(4.7) implies that the external device is in a mixture of
eigenstates of the operator Y with eigenvalue approx-
imately (Y).

If the interaction &, contains several terms of the type
(4.2) we must also require that all external device-observ-
ables occurring in & be simultaneously measurable. This
means that for any two such observables Y and Y,

<Y1 Y2>_§_<Y2Yl>~ 4.8

The restrictions (4.7) and (4.8) are the only ones we place
on the state of the external device; in general it can and
must be very far from thermal equilibrium.

The density matrix A obeys the equation of motion
(3.9), with E replaced by (4.1) and ¢ replaced by A (neg-
lecting the pseudostatic interactions M and N):

IN/dt=—ilE’ N+ R\ 4.9

To get the equation of motion for ¢ we simply take the
diagonal sum over d of (4.9), according to the definition
(4.3). The only difficulty is that (4.3) is expressed in a
representation in which E, and D are diagonal, whereas
the relaxation matrix R occurring in (4.9) is expressed by
(3.15) in a representation in which Ey+&,+-D is diagonal.

This difficulty can be overcome in the case of short corre-
lation time, expressed by (3.19), where « and «’ are here
eigenvalues of any two eigenstates of Ey+&,+ D connected
by the K¢. We can then expand j,,(w) and exp(—Ffw/kT)
in a Taylor series in w and retain only the first order terms
in w. The resulting expression for R\ can be written in
operator form:

RA=Zj 0 (0) { K [N, K]
— (B/kT)NE,K9K”+ K9 E' K"'|\) }
+ 0y /Bl ool [[E', KN K+ K([E KN} (4.10)

The equation of motion of A can now be written in the
representation in which E; and D are diagonal. Substi-
tuting (4.5) for A on the right, and taking the diagonal sum
over d we find that o obeys the same equation of motion as
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\, equations (4.9) and (4.10), except that E is replaced
by Ey+E,, with

E=X(Y). (@.11)

We assume that the system described by ¢ is close to
its instantaneous equilibrium value o2 given by (2.26),
with E=FE,+E,. As discussed in Section 111 under “Short
Correlation,” the deviation ¢—¢(™ will normally be of
the order of oD A(E+E)KT.

The relaxation term Ro can then be simplified further
by neglecting all terms except those of zeroth or first order
in 0—aD, la—a'|jw*, and fila—a|/kT. Since j,,/dw is
of the order of j,/w*, we can replace o by ¢¢7? in all but
the first term of Rg. Using the fact that, to first order in
(kT)™,

kT[oD K2 fio DKo, Ey+ E i K0 Et-Elo,  (4.12)

we find that the last two terms of Ro are of order
fi(a—a')w*kT and therefore negligible. The remaining
terms of Rocombined with the rest of the equation of motion
give (2.30), with E replaced by E+X(Y).

The external device giving rise to (¥) can be quite large
and complicated; for example it can be a complete oscil-
lator with battery power supply. As long as the variation
of () is slow compared to the correlation time of the
bath, the above analysis will hold.

If the variation of {¥) is too rapid, it may still be possible
to calculate its effect by carrying the expansion of R\ out
to higher order than the first order expression (4.10). As
an example, the second order term in 7#/kT of R\ is

—3(1/kT)or (0) {NE|E KK+ K(E[E K]\ (4.13)

Substituting (4.5) and taking the diagonal sum over d as
before, we get for this term

_lz(h/kT)2]qr1’(O) { G-[EO_’_E],[E‘()“I—E],KQ]]KQI
+KI{E+E [ B+ E,K o

—ia[a(Eg—i—ED/at,K‘l]Kq’—iK‘l’[a(E,—Jr—Ex)/at,Kq]a}. (4.14)

To get (4.14) we used (4.7) and (if applicable) (4.8), and
the fact that 8(Eo-+ E)/dr==iX {[D,Y]).

The first two terms of (4.14) are consistent with the
assumption that the system relaxes with respect to its
instantaneous Hamiltonian, and are in fact the same terms
that occur in the power series expansion of Re in (3.9) if
E, is replaced by the instantaneous Hamiltonian E,+E;.
The last two terms indicate the error in this assumption.
They are negligible compared to the first order terms if

(Bt E) /0t (Eyv+ENET/ . 4.15)

Consideration of other second order terms leads to a
condition similar to (4.15), with kT}7 replaced by w*. If
these conditions are not obeyed, it is necessary to include
in the equation of motion terms of the kind in the last
line of (4.14), and perhaps still higher order terms. This
may be useful as long as the resulting series of operator
terms converges.

This section is not supposed to cover every situation in-




volving a time-dependent Hamiltonian, but only to indi-
cate a general line of attack. Each case must be treated
individually. In particular, we have neglected possible re-
laxation of the system by the external device. If such relaxa-
tion occurs it can in some cases be treated classically,?
or quantum mechanically as in Section I1I.

V. Applications

The formalism of this paper can be applied to a wide
variety of problems, including Brownian motion,? modi-
fications of the Bloch equations of motion for spin systems
when the radio frequency magnetic field is large compared
to the dc magnetic field,”? and nuclear resonance saturation
in solids.? Bloembergen has used the random perturbation
theory of Section Il to treat the relaxation of a pair of
identical spin } nuclear moments on a molecule exhibiting
hindered rotation."

Most of the applications which have not been treated
previously® 4 % 1% are rather complicated, so we restrict this
section to a simple example which illustrates the usefulness
of the notation and ideas of this paper. This example
is the calculation of the relaxation time of a system of
coupled nuclear spins in a metal, for arbitrary fixed external
magnetic field intensity. As will be seen, the relaxation
time changes when the external field becomes comparable
to the internal internuclear magnetic fields, and the details
of this change will be different depending on whether each
nucleus sees approximately the same fluctuating magnetic
field (due to the electrons in the metal) as its near neighbors,
or whether each nucleus sees a fluctuating magnetic field
which is statistically independent of that seen by its near
neighbors. The relaxation time is a quantity which can be
readily measured® at sufficiently low temperatures, and
because it depends on the details of the fluctuating fields
set up by the electrons in the metal it is a quantity which
may provide useful information about the solid state.

We consider only temperatures well below the melting
point, so that the positions of the nuclei can be regarded
as fixed, and we assume that only one species of nuclear
spin is present. The spin Hamiltonian is®

hE=3Co+ 3Ca+ 3C. G

0y is the energy of the spins with respect to the external
field:

o= —gBHo Ej'lj’z (52)

where g is the nuclear g-factor, 3 is the Bohr magneton,
H, is the applied magnetic field in gauss, assumed to be
in the z-direction, and I;, is the z component of the spin
angular momentum operator (in units of 7#) of the j’th
nucleus.

3C, is the classical dipolar interaction:

3{:,1 =g’B‘2 Ek>j(rﬂi"1, 'I/C— 37",'1‘-7"’ i -I]l'Jk 'Ik), (53)

where r ;. is the vector connecting the positions of nuclei
jand k.

JC. is the so-called exchange energy, which in the nuclear
spin case usually arises from indirect coupling via the

electronic spins (the interaction 3C. is an example of the
operator N in Section 111):

Ho=Z e Aul I G4

It will be clear to the reader that it is impossible to solve
this Hamiltonian, so that the Wangsness-Bloch formalism
cannot be applied directly.

For a measurement of the relaxation time, the spin
system is perturbed? in such a way that it is no longer in
the state corresponding to thermal equilibrium. Observa-
tions are then made on the spin system as a function of
time, in such a way that the spin system is not importantly
affected by the method of observation. In general it is
impossible to solve the equation of motion (2.30) (which
applies in this case because of the rapid motion of the
electrons) or even to specify the initial density matrix of
the system with precision. Therefore, we must resort to
making a simplifying assumption about the state of the
system in order to have a meaningful theory (or a mean-
ingful experiment, for that matter). The assumption we
make is that the spin system is always in a canonical dis-
tribution of states, described by a spin temperature® which
is different from the lattice temperature: ¢=¢7%, where
T, is the spin temperature. This is a questionable assump-
tion, but it is probably not grossly incorrect if there is no
large rf field applied, and there appears to be no more
satisfactory alternative.

At any presently attainable temperature the thermal
energy kT is always much larger than the magnetic energy
of a nuclear spin, and the same applies to kT,. Therefore
we can write

o= C[1— (3C+ Fy+3.) kT, (5.5

where C is a normalization constant: C=Q/+1)~V,

The ensemble average expectation value of any observ-
able O is given by the diagonal sum (trace) of the product
Oc:

<<0>>E Tr(OU) EEagoaﬁo’ﬁa. (56)
Using the properties of the spin operators I; we have

((3Co)) = —Xo(T) Hy?; (X))

((3Ca)) =110 { (AH)* )au/3HI{(3C0)); (5.8
, DA pt(I+1) ,

(3o)) == Ne'BHy ({3Ca)). (5.9)

Here X(T,) is the static nuclear susceptibility
INg2B2I(I4+1)/k T, corresponding to temperature 7., N is
the total number of nuclear spins, and ( (AH)? ),, is the
VanVleck expression for the second moment (in Gauss
squared) of the nuclear resonance line which would be
observed in a powdered (randomly oriented) sample of
the metal:

(AHY a=3"BUI+1D) Zjmpr ™t/ N (5.10)

The rate of change of the energy of the spin system is
given by

g,((ﬁE>>=ﬁTr(E%)‘ (5.11)
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If we assume that the density matrix can always be approx-
imated by (5.5), we get from (2.30)

@ GEY) = — (RE)) —~(KEN)/ T, (5.12)
where ((AE)), is the thermal equilibrium value of ({#iE)),
and

1 _ _ TrZ, K" [K4ENk, (O E

T, TrE? (5.13)

T, is the measured? spin-lattice relaxation time of the spin
system. To evaluate Tz we must make an assumption about
the relaxation mechanism. We wish to restrict ourselves
to relaxation by conduction electrons in a metal. The
hyperfine interaction between the electronic and nuclear
spins is responsible for relaxation in this case, and w*=~kT,
so that the condition for fast correlation time is met. We
use the semi-classical formalism of Section I1, and consider
only two extreme cases.

Case I: Uncorrelated Relaxation
We assume that
G=2;,¢B HJ'V(f)Iij (5.14)

where v=x,y,z. In other words, it is assumed that each
spin feels a magnetic field H,(?) as a result of its interaction
with the electrons in the metal. All the H(¢) have the same
random character and are statistically independent:

kv @ =8 [ Ho O Hy (0= r)dn

=6jj'6yy'/2T|. (515)

1t is easily verified that if the spins were non-interacting
(3;=0), their magnetization would obey the Bloch equa-
tions, with 71=T, and T; defined by (5.15). Korringa? has
calculated 77 quantum mechanically for a real metal.

The factor d;;» occurring in (5.15) implies that the field
H; seen by the nucleus j is uncorrelated with the field
H; seen by nucleus /', so that all the nuclei are relaxed
independently. The factor 6,,- implies that each component
of the field on a given nucleus is uncorrelated with either
of the other two components; i.e. the field H; is random
in both direction and magnitude.

Physically this corresponds to a metal in which the
electron wavelength is short compared to a lattice spacing.
In such a case the individual electrons can be regarded as
localized in less than a unit cell, and the electronic wave
function at one nucleus has little relation to the wave
function at a neighbor. The effective hyperfine magnetic
field due to the electrons is then also more or less uncor-
related from one nucleus to its near neighbors.

Using (5.14) in (5.13) we get

1_1 [§<3c0>>+6(<3€d>>+e<<3c5>>:|
T,  Ti L {(3eoy)+{{Feapy+{(3Ccy) I’

with §=e=2.

(5.16)

For large H,, where 3C is dominant, 77, =T as expected.
For small H,, T.=3T, and relaxation takes place twice as
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fast. Tt is not hard to see the reason for this behavior.
Individual nuclei are relaxed independently in a time T3,
under the assumption (5.14). If most of the energy AE is
in the form of 3G, as it is for large H,, the energy will
approach equilibrium as fast as single spins do, since 3C,
is a sum of single spin operators. This rate is 1/7}. On the
other hand, if H, is small, the energy operator is a sum of
products of two spin operators, and the expectation value
of each of these spin operators will be changed in an average
time 73, so that the average value of the Hamiltonian will
change in half this time, or at a rate 2/7:. In other words,
the energy can change either through a flip of one spin
(in time T}) or of the other spin with which it interacts (in
time T:), and the energy relaxation time should thus be
half as large as the individual spin relaxation time.

Case II: Correlated Relaxation

We now consider what would happen if the fluctuating
field seen by one nucleus is identical to that at its near
neighbors. This would be the case in a metal with an almost
empty or full band, in which the wavelengths of the elec-
trons are large compared to a lattice spacing, so that the
electrons are unlocalizable and the hyperfine interaction
field is more or less the same for near neighbors.

Such spatial correlation can be expressed in terms of
the correlation functions of the components of the fluctu-
ating fields H,(r):

kjyj'l/’zavv’//ZTl, (5153)

for all nuclei j and j* which are sufficiently close to con-
tribute appreciably to the spin-spin energy. (5.15a) can
hold only if H;(r)=H /(7).

Substituting in (5.13), we find that T, is given by (5.16)
with 6 =3 and ¢=0.

The fact that e=0 is a reflection of the invariance of the
I,-I;. (exchange) interaction under rotation of both spins
(j and k) through the same angle. If both spins see identical
fluctuating fields they will both be turned through the
same angle no matter what the field is. The fact that 6=3
is similarly a reflection of the strong dependence of the
dipolar interaction between two spins on an equal rotation
of the two spins through the same angle.

In a real metal® the relaxation time will be somewhere
between these two cases, usually nearer Case 1. The prob-
lem is straightforward to work out by the methods of
Section I1I, but is too complicated to include in the present
paper, in the absence of any experimental results.

VI. Concluding remarks

The most unsatisfactory features of the theories outlined
in this paper are the assumption of re-randomization of
the thermal bath [equation (3.8)], and the assumption that
the bath and external device are uncorrelated with the
system [equations (3.8) and (4.5)]. The first assumption is
basic to the theory of irreversible processes, and is dis-
cussed in a sophisticated way by Van Hove” for quantum
mechanical systems, and classically by Brout and Prigo-
gine.” We have not attempted to contribute to these dis-




cussions, but have merely tried to treat the more pedestrian
problem of finding the most general and convenient density
matrix equation of motion which results from these as-
sumptions.

The writer wishes to thank J. L. Lebowitz, F. Bloch,
N. Bloembergen, H. Brooks, E. P. Gross, P. J. Price, and
1. Solomon for helpful comments and encouragement.

Appendix A

We will now discuss the independently developed work of
Bloch® and its relation to the formalism in this paper.

Bloch’s paper is primarily concerned with the treatment
of relaxation of a system whose Hamiltonian contains an
important time dependence, whereas the present paper is
aimed more toward the problem of complicated systems
with relatively unimportant time variation. Bloch’s theory
should be applicable to a system with a more rapid time
dependence than ours, although his general formalism is
necessarily so complicated as to be difficult to apply to any
but the simplest physical systems.

Bloch transforms away the system Hamiltonian 7 E(r) by
transforming into a generalized interaction representation.
In this representation the interaction G acquires a time de-
pendence which is a function of the time dependence of E(7),
and which Bloch assumes can be Fourier analyzed. Presum-
ably this would always be possible if the time dependence
of E(r) were reasonable, and it would be relatively easy if
E(r) contained only a few sinusoidal components as is
usually the case experimentally.

Once the interaction G has been Fourier analyzed, the
theory becomes similar to Wangsness and Bloch’s earlier
work.* ¢+ However, in his current paper'® Bloch includes a
discussion equivalent to our discussion of secular and non-
secular relaxation in Section 11, generalized to take account
of the time dependence of E, and as a result gets the less
stringent conditions of validity for the theory which we
give in Section 1II.

Bloch specializes his general theory to treat a slowly
varying Hamiltonian, and gets an equation of motion
identical in physical content and validity to his earlier
work and our Section III. This equation of motion can be
applied to systems as complicated as those treated in the
present paper, and the only advantages of the treatment
we have presented here are that the notation is designed
specifically to be applied to complicated systems where
possible, and that the connection to the semiclassical the-
ory of Section II is more explicitly made.

Although Bloch’s paper does not contain anything like
our Section 1V, it is likely that his theory could be made to
give higher order corrections of the type (4.14). Bloch’s
formalism is more likely to be useful than our Section IV
because he essentially expands the time dependence of the
Hamiltonian in a Fourier series, whereas in our Section
1V it is expanded in a power series.

Appendix B

We give here some more of the details of the calculation
leading to equation (2.11).
The first second-order term of (2.8) is

(a1 (t+ADaD (1441 ) =

+AL
Zspops(t) ( f Garp (1) e~ !
!

t+A¢
Xf Gop(t")e a0 gy, (B1)

t

To get (B1) we used (2.7), and assumed that the a,(t) are
independent of G(¢') (since ' —>>7, over most of the range
of integration Ar>>7,).
Setting 7=¢"—¢", and changing to new variables of
integration, we get for (B1)
At

Zgpope™ drP g g (T)e—iteBT

t+A¢
X dt/ei(a—B—a’+ﬂ’)l’
T

0 t+At+T
—I—f drPaea'fx'(T)e‘““*ﬁ”f dt'eite=f-ar+Bnu} (B2)

—At t

Changing 7 to —7 in the second term, and carrying out the
integrations over t’, we get the first two terms of (2.11).
The last two terms follow similarly from the remaining
second order terms of (2.8).

Appendix C

To get the equation of motion (3.9) quantum mechanically,
one can either solve the equation of motion? of the total
density matrix p to second order in G, or solve Schroe-
dinger’s equation to second order in G and use the defi-
nitions of p and ¢ to get the time variation of . Wangsness
and Bloch®* use the first method; we use the second.

At time 7 each member of the ensemble is described by a
wave function of the form

\I/(t):Eafuaafu(t)eii(a&f)tll/a@/u, (Cl)

where ¢;, is an eigenfunction of F having eigenvalue f
and degeneracy parameter u.

The solution of Schroedinger’s equation is given by
(C1), with

Auru(FHAD =Z a0 0™ (HHAL), (C2)
where aafu(o)(t"l’_At) :aafu(t); (C3)

Qs (UAAD) = =20 Gapuar e e FH=I

X { (eia=Btr=mAt— 1) [(a—B+f—f") }agp.o(1); (C4)
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GoasuprwGpprur g prrure’ @ FH—1"0t

B=B'+f —f"
gila=Brrf—j1nAt_ | gila—B+i—inAr_{
I: a_ﬁ/+f_f// a_ﬂ‘l’f_f/ :laﬂ’f"u”(t)- (C5)
The reduced density matrix o,.-(t+Af) is given by
Enn'fu <aa'/u(n)(t—i_At)aafu(n/)(t+At) > ei(zx’—a)(t+At). (C6)

The first term (n"=n=0) of (C6) is simply cu.-(t). Sub-
tracting this term, and dividing by A¢, gives the equation
of motion (3.9), provided o(¢) is assumed given by (3.8).
We now discuss in more detail the origin of each term in
(3.9).

The commutator i[¢,E] comes from the factor ¢/(*'—«)
in (C6).

The commutator i[o,M] comes from the two first order
terms in (C6), i.e. terms with #'+n=1. Their evaluation is
straightforward, and to get the commutator one can either
take the limit Ar—0, or assume a finite A¢, in which case
one must go through an argument like that in Section I1
about non-secular terms of the operator M.

The commutator i[¢,N]comes from second order terms
of the type given by the product of a,® times that part
of a.-® which contains the first term in the square bracket
in (C5). There are two such terms, and if the non-secular
terms are treated as before, these can be written ifo U— U'o],
with the non-Hermitian matrix U given by

aafu(z) = Zﬁf'u'ﬂ’f”u”

Uaa’E Ua'a

:qu'"rKa'yqK‘ya’q’f dejoq (—w) /T(a—y—w). (&)

—w

If we replace U, by Nuo we will introduce an error of
the order of (a—a)YU(d ;4 /0w)/jpy=(a—aYUlw*. How-
ever, in the time At the effect of U, on ¢ is never larger
than Uf(a—a"), if a=%a’, so that the total error introduced
in ¢ is of the order of Ujw*, which is within the accuracy
of the theory in general. Therefore it is permissible to
replace U by the Hermitian form N.

The relaxation terms Ro come from the remaining second
order terms in (C6). As an example, we outline the evalua-
tion of the term in (C6) with n=rn"=1 which yields the
first two terms of the relaxation matrix R.

Changing the sums over f and f” into integrations, and
changing variables of integration to f and w=f—f", we get
for this term

Zapops Zuy anKﬁ’a’q,f dw At jogr (w) eite—o—B=B

(ei(a—ﬁ—w)At_ 1)(071'(04’7/3/740)At__ 1)
(a—B—w)At (o — 3 —w)At

(C8)

The evaluation of those terms of (C8) for which
a—B=a’—f’ is straightforward and is identical to the evalu-
ation of time proportional transition probabilities. In this
case it is assumed that j,(w) can be replaced by the con-
stantj (e —(). Since the expression in the square brackets
is large only for a range of w of At~! around «—33, this
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introduces an error in R of R(8j,,/dw)/At j,r=2Rjw*At and
a corresponding error in o of the order of R/w*. This error
is negligible within the accuracy of this theory.

The evaluation of the non-secular terms for which
a—PB#a’—f is also accomplished by replacing j,,(w) by a
constant. In this case we can replace j,(w) by either
Je(a—PB) or j(a’—B"), or any convenient intermediate
value, by the same argument used above in connection
with the replacement of the non-Hermitian matrix U by N.
The Cauchy principal value of the integral of the expression
in the square bracket in (C8) is easily shown by contour
integration to be

. eita—B—artfnAt_ |

2lwm. ()]
Taking for j,,/(w) in (C8) the symmetric form /(e —3)+
i (@ —B") we get an expression corresponding to that
part of the first order (in R) solution of (3.9) contributed
by the first two terms of R.

The other two terms of R are obtained similarly from
the remaining second order terms of (C6). In the last two
terms of R it is possible to change j,, (8" —7) to j (' —7),
or a convenient linear combination thereof, and to change
Jug(B—7) similarly, without introducing an error in o
large compared to the existing error in the theory, of
order Rjw*.
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